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A cogent theory of collective multipole-like quantum correlations in symmetric multiqubit states
is presented by employing SO(3) irreducible tensor representation. An effective bipartite division of
this system leads to a family of inequalities to detect entanglement, which involve averages of the
spherical tensors constructed from the total angular momentum operators of the system. The gen-
eralized spin squeezing inequality for pairwise entanglement follows from dipole-like correlations. A
selected set of examples illustrate these collective tests. Such tests are useful to detect entanglement
in macroscopic atomic ensembles, where individual atoms are not accessible.
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Correlated macroscopic atomic ensembles [1] offer
promising possibilities in low-noise spectroscopy [2], high
precision interferometry [3], and in the implementation of
quantum information protocols [4]. Experimental char-
acterization of entanglement - which is the key ingre-
dient in these applications - has attracted considerable
attention. Main difficulty in analyzing such composite
systems with large number, N , of particles is the cor-
responding exponential size of the Hilbert space. So,
major effort is focused on exploring inseparability sta-
tus of special classes [5, 6] of quantum states, confined
to smaller subspaces of the Hilbert space due to sym-
metry requirements. For example, a macroscopic atomic
ensemble of N two level atoms, treated as a collective
system of N spin- 12 systems (qubits), belongs to a 2
N di-
mensional Hilbert space H = (C2)⊗N . However, when the
dynamics of the atomic ensemble is governed by collec-
tive operations - which do not address the atoms indi-
vidually - the atoms within the system are completely
symmetric with respect to interchange. This class of per-
mutation symmetric states, labeled by total spin J = N2
(maximal value in the addition of N spin- 12 angular mo-
menta), is restricted [6] to a N + 1 dimensional subspace
HSym = Sym(C2)⊗N (here ‘ Sym’ denotes symmetrization).
The eigen states {|J = N/2, M〉; −N/2 ≤ M ≤ N/2} of to-
tal angular momentum operator ~ˆJ = 12
PN
i=1 ~σi, where ~σi
denotes Pauli spin operator of the ith atom, span the
space. A much simpler analysis of inseparability in sym-
metric atomic ensembles becomes possible in this space.
As individual atoms are not accessible in the macroscopic
ensemble, only collective measurements are feasible and
any test of entanglement requiring individual control of
atoms cannot be implemented experimentally. For exam-
ple, spin squeezing [7], i.e., reduction of quantum fluctu-
ations in one of the spin component orthogonal to the
mean spin direction below the fundamental noise limit
N/4 is an important collective signature of entanglement
in symmetric N qubit systems and is a consequence of
two-qubit pairwise entanglement [8]. Recently [9], neces-
sary and sufficient conditions for pairwise entanglement
have been formulated in terms of negativity of intergroup
covariance matrix. This turns out to be equivalent to the
generalized spin squeezing inequalities [10] (for two qubit
entanglement) involving collective first and second order
moments of total angular momentum operator. Further,
genuine three particle entanglement in symmetric multi-
qubit systems is shown [10] to obey inequalities involving
bulk observables up to third order in total angular mo-
mentum ~ˆJ.
In this paper, a family of sufficient conditions to de-
tect entanglement of atoms in a macroscopic ensemble,
through collective measurements on the system, is de-
rived. These collective tests of inseparability are formu-
lated in terms of averages of SO(3) irreducible tensor
operators τˆKQ (J);K = 1, 2, . . . , N, constructed from the total
angular momentum operator ~ˆJ and are identified via ef-
fective bipartite split of the symmetric states of N atoms.
The physical significance of these operators are that they
express different forms of correlations: K = 1, dipole-like;
K = 2, quadrupole-like correlations etc., among the multi-
qubits. The advantages of this procedure are mainly two-
fold: one, the simplicity this offers in dealing with a large
variety of correlations in multiqubit systems, and two,
the entanglement conditions can be expressed in terms
of experimentally observable signatures associated with
the correlations among irreducible tensor operators. This
elegant formalism enlarges the scope of the covariance
matrix condition beyond those given in [9, 11]. We show
that dipole-like collective quantum correlations are equiv-
alent to generalized spin squeezing inequalities [9, 10] for
pairwise entanglement. The significance of this new ap-
proach is substantiated through illustrative examples.
The SO(3) spherical tensor operators τˆKQ (J) are con-
structed from the operator ~ˆJ such that [12, 13] their ma-
trix elements in the basis {|J M〉} are given by
〈JM ′|τˆKQ (J)|J M〉 = [K]C(JKJ;MQM ′), (1)
in terms of the Clebsch Gordan coefficients [14] (Here
2we have adopted the notation [a] =
√
2a + 1 ). These irre-




†) = (2J + 1) δK,K′δQ,Q′ , (2)
and the set {τˆKQ (J); K = 0, 1, 2, . . . , 2J, −K ≤ Q ≤ K} forms
a linearly independent basis of operators in the Hilbert
space of spin J states. Thus a useful representation for
the density operator of N two level atoms is given in terms






















= (−1)Q tK∗−Q, (4)
with t00 = 1 due to the requirement Trρˆsym = 1. (In
(4) we have used the orthogonality (2) and the property
τˆK†Q (J) = (−1)Q τˆK−Q(J) of irreducible tensors.)
An important composition law appropriate for ex-
amining multipole correlations between two constituent
symmetric parts, characterized by angular momenta
j1 = N1/2, and j2 = N2/2 (with N = N1 +N2), of the ensem-
ble is constructed in terms of direct product of spherical





(N1 + 1)(N2 + 1)
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= (−1)q+q′ tkk′∗−q−q′ ; t0000 = 1. (5)
The product tensor moments of a symmetric system are










where the coefficients F(kk′)
qq′ ;KQ are found to be
F(kk′)
qq′ ;KQ = Tr
“





































where ‘{ }’ denotes the Wigner-9j symbol [12, 14]. The
relation (7) is useful to obtain collective signatures of
entanglement in symmetric atomic ensembles, which will
be identified through the product representation (5). Us-
ing (6) and (7), the collective parameters of any reduced
system of N1 atoms can be related to the collective pa-
rameters of the entire system, expressing the correlations
within any two parts - within the subensemble of N1
atoms - in terms of bulk observables.
In order to derive the collective signatures, consider an
effective bipartite split of even-N systems with N1 = N2 =
N/4 and a set of 2 (2k + 1) operators Aˆkq = τˆ
k
q (N/4) ⊗ Iˆ and
Bˆkq = Iˆ ⊗ τˆkq (N/4) (where Iˆ = τˆ00 denotes the identity op-
erator). Arranging them as a column ξ(k) (corresponding
row of operators being ξ(k)† = (Aˆk†q , Bˆ
k†
q )), we now define
























i . It is useful to decom-
pose V (2k) in to (2k + 1) × (2k + 1) block matrix














2 〈{∆Bˆkq ,∆Bˆkq′}〉 corre-
spond to multipole correlations among the intra-group




comprises of intergroup multipole correlations. For a
symmetric system, A(2k) = B(2k) and the off-diagonal block




q′ “tkkq−q′ − tk0q0 t0k0−q′
”
(9)
In the following discussion, we concentrate on the
(2k + 1) × (2k + 1) hermitian cross-correlation matrix
C(2k) associated with symmetric atomic states and prove
the following theorem:
Theorem : The cross-correlation matrix C(2k) is neces-
sarily positive semidefinite for all separable symmetric
multiatom states.
Proof: Let us first note that in the product representa-
tion (5) with N1 = N2 = N/2, a separable symmetric atomic




pw ρˆw ⊗ ρˆw, 0 ≤ pw ≤ 1;
X
w
pw = 1 (10)
where ρˆw denotes the density matrix for the two groups
of N/2 atoms with collective angular momenta j1 =










q (w). In a separable symmet-






























So, the cross-correlation matrix C(2k) of (9), evaluated in
a separable symmetric state assumes the form,
C
(2k)





































with Xk ∈ R(2k+1) being an arbitrary real column vector,
whose spherical components [12] are denoted by Xkq =




























3is a positive semidefinite quantity, and this proves our
theorem. 
Thus for any arbitrary (pure or mixed) symmetric state
of even atoms, C(2k) < 0 serves as a sufficient condition
for the atomic ensemble to be entangled and leads to
a family of inseparability conditions associated with the
quantum correlations between intergroup tensor opera-
tors i.e., 〈∆Aˆ(k)q ∆Bˆ(k)q 〉 for various orders k = 1, 2, . . . , N/2.





0q ) - spec-
ifying the covariance matrix C(2k) - are given in terms of
collective tensor moments tKQ , (see (6)), the negativity of
the covariance matrix C(2k) can be directly translated in
terms of averages of symmetrized homogeneous 2kth order
polynomials [13] of ~ˆJ, thus leading to a family of collective
signatures of entanglement.
We now show the significance of this method by
relating the intergroup dipole correlations ( for k = 1),
reflected in the inseparability condition, C(2) < 0,
with the spin squeezing inequality [9, 10]. This




q−q′ − t10q0 t10−q′0). Explicit val-
ues [12] for Wigner 9j symbols and Clebsch-Gordan
coefficients in (6), (with N1 = N2 = N/2) are used
to obtain t1111 = t
11∗





















0q = A3 t
1
q,











N+4 . The covariance matrix C
(2) is then subjected
to a unitary transformation U = 1√
2
0






and the collective tensor moments tKQ , K = 1, 2
are expressed in terms of their Cartesian counter-
parts [13] i.e., t1±1 = ∓B1√2 〈(Jˆx ± i Jˆy)〉, t
1
0 = B1 〈Jˆz〉, t2±2 =
B2
D
[(Jˆ2x − Jˆ2y) ± i{Jˆx, Jˆy}]
E
, t2±1 = ∓B2
D















































(JˆαJˆβ + Jˆβ Jˆα)
E
− 〈Jˆα〉 〈Jˆβ〉; Sα = 〈Jˆα〉 ). From (15)
it is evident that






which is nothing but the spin squeezing inequality for
pairwise entanglement [9, 10]. The Dicke states [15]
|N2 ,M〉; −N2 ≤ M ≤ N2 of even N provide an excellent set of
physically relevant multiatom symmetric states for pur-
poses of illustration of other types of multipole correla-
tions. The collective tensor moments for these states are
given by (see (1) and (3)), tKQ = 〈N2 ,M|τˆKQ (N/2)|N2 ,M〉 =
[k]C(N2 K
N
2 ;M 0M) δQ 0. This corresponds to non-zero
product tensor parameters tkk
′
q−q (obtained from (6)) im-
plying that C(2k) matrix is diagonal (see the definition
(9)) for the Dicke states. We find that except for the
states |N2 ,± N2 〉, which are product states, the covariance
matrix C(2k) of each of the Dicke states is negative, for all

































FIG. 1: Threshold value xmin, evaluated from the multipole insep-
arability condition C(2k) < 0, with k = 1 to k = 5 (corresponding
respectively from the uppermost curve to the lower ones) for the states
ρˆ1 (see (a)) and ρˆ2 (see (b)), as a function of the number of atoms N .
(c): xmin obtained from the negativity of the highest order covariance
matrix C(N) for the states ρˆ1 (
′

′), ρˆ2 (′ × ′) and ρˆ3 ( ′△ ′).
orders k. This shows the quantum nature of multipole-
like correlations of various orders in these states. Re-
cently [16], an experimental scheme to reconstruct the
spin-excitation number distribution of the collective spin
state ( i.e., tomographic reconstruction of the diagonal
elements of the density matrix) in the Dicke basis, has
been proposed. Implementation of such schemes would
enable detecting collective quantum multipole-like corre-
lations.
As an illustration of our method we now consider sym-




I + x |φi〉 〈φi|; 0 ≤ x ≤ 1, (17)
where I denotes (N + 1) × (N + 1) unit matrix; the states
|φi〉, for i = 1, 2, 3, are given by |φ1〉 = |N2 , N2 − 1〉, |φ2〉 = |N2 , 0〉
and |φ3〉 = 1√
2
(|N2 , N2 〉+ |N2 ,−N2 〉). We find the values of x, -
using the condition C(2k) < 0 - as a function of number of
atoms, for which ρˆi of (17) are inseparable (see Table I).
The results of Table I are presented in graphical form in
Fig. 1. From Fig. 1(a) and 1(b) it is clear that dipole
(k = 1) quantum correlations lead to xmin → 1 for large
N values, implying that the mixed states ρˆi; i = 1, 2 are
separable throughout the range 0 ≤ x < 1 in this limit.
However, higher order multipole correlations reveal that
these states are indeed entangled over a larger domain of
x. In other words, higher order multipole correlations are
more effective in detecting inseparability status of these
mixed states. The range of inseparability is sensitive to
the difference Ne ∼ Ng of the number of atoms in ground
and excited states ( which is N − 1 in |φ1〉 and zero in
|φ2〉). Further, from Fig. 1(c) we find that highest order
quantum correlations lead to xmin → 0 in the large N limit,
implying that all the three mixed states ρˆi, for i = 1, 2, 3,
are entangled in the range 0 < x ≤ 1, when N →∞.
In conclusion, we have shown here that SO(3) irre-
4TABLE I: Threshold value (xmin) of the parameter x above which the least eigenvalue of the covariance matrix C(2k) is negative in the mixed
states ρˆi of (17) - with three different |φi〉 (as given in the first column). The mixed state ρˆi is inseparable over the range xmin < x ≤ 1. Note that
ρˆ3 exhibits inseparability only through the condition C
(N) < 0 on the highest order covariance matrix (i.e., C(2k), for k < N/2, are all positive.)
|φ〉i a Least eigenvalue of C(2k) Value of x above which C(2k) < 0









|φ2〉 = |N2 , 0〉 C
(2k)
k−1, k−1 = f(N,k) (1− x)− g(N, k) x xmin = f(N,k)f(N,k)+g(N,k)
|φ3〉 = 1√2


















a f(N,k) = [N/4]
2 ((N/2)!)2








4 ;mk − 1m′) and Cm = C(N4 N4 N2 ;m −m 0).
ducible tensor representation provides a powerful method
to investigate inseparability in symmetric multiqubit sys-
tems. We have derived a family of sufficient conditions of
inseparability to detect multipole-like collective quantum
correlations. These are useful for experimental charac-
terization of entanglement in macroscopic atomic ensem-
bles. The inseparability conditions are obtained by ex-
tending our earlier approach [9, 11] and are derived from
the negativity of intergroup covariance matrices. This
provides an elegant formalism exploring symmetric mul-
tiqubit systems analytically and enhances the power of
the covariance matrix conditions than those examined
previously [11]. More specifically, instead of the Carte-
sian tensor product observables of Ref. [11], SO(3) ir-
reducible tensor observables have been employed here
to characterize symmetric multiqubit systems. The two
techniques - even though complementary - serve different
purposes. The first considers groups of qubits to inves-
tigate the intergroup entanglement, whereas the second
describes these in terms of spherical tensors involving
multiqubit angular momenta. The latter sheds light on
entanglement among physical entities such as dipole-like,
etc. multiqubit correlations, which may be physically
observable [16] in macroscopic ensembles of symmetric
atoms. Remarkably, dipole-like collective correlations are
equivalent to generalized spin squeezing [9, 10] in sym-
metric multiqubit systems. Moreover, our approach is
directly applicable to characterize entanglement in arbi-
trary symmetric bipartite systems with equal spin, for ex-
ample, two macroscopic gas samples of cesium atoms [17].
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